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The phonon Hall effect has been observed in the paramagnetic insulator, Tb3Gd5O12. A magnetic
field applied perpendicularly to a heat current induces a temperature gradient that is perpendicular
to both the field and the current. We show that this effect is due to resonant skew scattering of
phonons from the crystal field states of superstoichiometric Tb3+ ions. This scattering originates
from the coupling between the quadrupole moment of Tb3+ ions and the lattice strain. The esti-
mated magnitude of the effect is consistent with experimental observations at T ∼ 5 K, and can be
significantly enhanced by increasing temperature.
PACS numbers: 66.70.-f, 72.20.Pa, 72.15.Gd
When a linear magnetic field is applied perpendicularly
to a heat current in a sample of terbium gallium garnet
(TGG), Tb3Ga5O12, a transverse temperature gradient
is induced in the third perpendicular direction1,2. This
is the “phonon Hall effect (PHE)”. The effect was ob-
served in this insulator at low temperature (T ∼ 5 K),
a situation in which there are no mobile charges such as
electrons or holes3. The Neel temperature of TGG is 0.24
K4, so it is a paramagnet at T ∼ 5 K. Hence magnons
do not contribute to the heat current and one does not
expect a contribution from the magnon Hall effect5–8.
Phonons are not charged and hence cannot be affected
by the Lorentz force which gives rise to the usual classical
Hall effect. Therefore the mechanism for the PHE must
be related to the spin-orbit interaction. However, the
spin-orbit interaction for phonons is not at all obvious,
unlike in the anomalous Hall effect and spin Hall effect
for electrons9–11. Thus, an understanding of the origin
of the observed PHE is a fundamental problem.
So far, there have been a few theoretical attempts to
explain the PHE12–15. Refs. 12 and 13 assumed a Raman-
type interaction between the spin of stoichiometric Tb3+
ions and the phonon. This interaction results in “ellip-
tically polarized” phonons. According to 12,13, the “el-
liptic polarization”, in combination with scattering from
impurities, leads to the PHE. In this scenario the type
of impurity is unimportant and hence phonon – impu-
rity scattering is considered in the leading Born approx-
imation. This is an intrinsic-extrinsic scenario, i.e., the
“elliptic polarization” is an intrinsic effect and the scat-
tering from impurities is an extrinsic effect. The major
problem with this scenario was realized in Ref. 14 - in
spite of the “elliptic polarization” the Born approxima-
tion does not result in the PHE. Ref. 14 attempted to go
beyond the leading Born approximation in impurity scat-
tering. However, the problem has not been resolved yet.
An intrinsic mechanism for the PHE, based on the Berry
curvature of phonon bands, was suggested in Ref. 15.
This is similar to the Berry curvature mechanism in the
Hall effect for light16. The Berry curvature mechanism
is certainly valid for materials with specially structured
phonon bands, however, it is hard to see how the mecha-
nism can be realized in TGG which has the simple cubic
structure.
There is an important experimental observation which
was missed in all the previous theoretical analyses of the
PHE - TGG crystals can be grown by the flux method
(TGGfl), and by the Czochralski method (TGGG).
While TGGfl has perfect stoichiometry, TGGG contains
about 1% of superstoichiometric Tb3+ ions. At 5 K the
diagonal thermal conductivity of TGGG is about 5 times
smaller than that of TGGfl
17. This indicates that the
thermal conductivity in TGGG is determined by phonon
scattering from the crystal field states of superstoichio-
metric Tb3+ ions17. The PHE has only been observed in
TGGG
1,2. Thus, one concludes that the PHE is of extrin-
sic origin - due to the phonon scattering from superstoi-
chiometric Tb3+ ions. We stress that the PHE in TGG
relies specifically upon scattering from superstoichiomet-
ric Tb3+ ions, not just scattering from any impurities.
This observation was not considered in all previous sug-
gestions12,13,15 for the mechanism behind the PHE.
In this Letter, motivated by the above observation, we
show that the PHE originates from the resonant skew
scattering of phonons from the crystal field states of su-
perstoichiometric Tb3+ ions. Below, we will often refer
to superstoichiometric Tb3+ ions as impurities.
Phonons.– The phonon Lagrangian density reads
L0 =
ρ
2
{
ϕ˙2j − c
2
T (∂iϕj)
2 − (c2L − c
2
T )(∂iϕi)(∂jϕj)
}
,
ϕ =
∑
q,µ
eµ√
2ρωqµ
[
aqµe
−iωqµt+iq·r + h.c.
]
. (1)
Here ϕ is lattice displacement. The isotropic model (1)
is known to be appropriate for a system with a large unit
cell, such as that of a garnet20–22. The index µ = 1, 2, 3
enumerates phonon polarization, e(µ) is the unit polar-
ization vector, aqµ is the annihilation operator of the
phonon, and ωqµ = cLq (cT q) is the energy of the lon-
gitudinal (transverse) phonon. For the purpose of mak-
ing estimates, we will use the following value of speed:
c ≈ 3.7 × 105 cm/s, and the mass density: ρ = 7.2
2g/cm317. Below, only the longitudinal mode is consid-
ered. It is plausible that this mode dominates PHE due
to its large velocity, cL ≈ 2cT
21. Even if transverse modes
gave comparable contribution, this does not influence our
estimate of the effect.
Tb ion.– The 7F6 state of a free Tb
3+ ion splits into
13 levels in the dodecahedral crystal field of the garnet.
The energies of low lying levels in intrinsic ions are ap-
proximately 0, 3, 49, 62, 72, 76 K23,24. The energy levels
of impurity ions (superstoichiometric) depend on their
particular positions, but overall they are comparable to
those of ions in regular sites. The thermal conductivity
in TGGG is mainly determined by the resonant scatter-
ing of phonons from superstoichiometric ions. Note that
resonant scattering necessarily implies a nonzero scatter-
ing phase and hence gives rise to skew scattering, which
does not appear in the Born approximation25.
Fitting the measured diagonal thermal conductivity17
within four levels of the impurity ion, we come to the ion
level scheme shown in Fig. 4 left, ωab = 3K, ωac = 20K,
ωad = 70K (see supplemental material). It is known
that the ground state energy doublet is very sensitive
to magnetic field B. At T = 4.2K and B < 1T the ion
magnetic moment grows linearly with B. At fields larger
than 1-2 T, the magnetic moment practically saturates
at |M | ≈ 4 µB
26. This data indicates that the a,b-states
are composed of time conjugate states | ±M〉, |a〉 ∝ |+
M〉 + | −M〉, |b〉 ∝ | +M〉 − | −M〉, and, subjected to
a under magnetic field, the a,b-states evolve to | ±M〉
as shown in Fig. 4 right, ωab → Ωa′b′ =
√
ω2ab + (2gB)
2
with an effective g factor27. Below, we assume that, for
|a>
|b>
|c>
|d> |d>
|c>
|a’>=|+M>
|b’>=|−M>
FIG. 1: The crystal field levels for B = 0 on the left, and for
B > 1− 2 T on the right.
the magnetic field larger than 1-2 T, only the state |a′〉 =
| +M〉 is thermally populated, while, without magnetic
field, both |a〉 and |b〉 are populated. For simplicity we
assume that |c〉 and |d〉 are not sensitive to the magnetic
field.
Spin-phonon interaction.– The quadrupole Coulomb
interaction of a Tb ion with its surrounding lattice ions
is of the following form18,19,
H1 = γTij∂iϕj (2)
Tij =
3
2J(2J − 1)
{
JiJj + JjJi −
2
3
J(J + 1)δij
}
.
Here ϕj is the lattice displacement at the ion site i, j =
x, y, z. The quadrupole moment Qij = QTij is written
in terms of the total angular momentum J . This implies
that the strong spin orbit interaction inside the ion core
is embedded in Eq. (2). The size of an ion core is about
one Bohr radius aB. Hence, the quadrupole moment Q is
roughly estimated as Q ∼ ea2B, where e is the elementary
charge. The gradient of the electric field E from the
surrounding ions is estimated as ∇E ∼ e/d3, where d ≈
2A˚ is the distance to the nearest oxygen ion. Then, the
magnitude of the coupling γ is,
γ ∼ Q∇E ∼
e2a2B
d3
∼ 0.7 eV . (3)
Resonant scattering.– Phonon scattering from super-
stoichiometric Tb3+ ions is determined by the diagram
in Fig. 5. Under nonzero magnetic field, a straightfor-
a
kpkp
a a a
b ,c,d b ,c,d
FIG. 2: Amplitude of phonon scattering from a Tb ion with
virtual excitation of the crystal field level given magnetic field
larger than 1-2 T. The solid line shows the ionic state and the
dashed-line shows the phonon. Without the magnetic field,
the initial state a′ is substituted by the states a or b, with c
and d as intermediate states.
ward calculation gives the following scattering rate for a
phonon with energy ω,
τ−1ω = τ
−1
L +
∑
i=b′,c,d
τ−1a′i,ω,
τ−1a′i,ω =
Ns
NTb
ω3Dω
4
80pi
(Ωa′i/ωai)
2Γ2ai/ω
4
ai
(ω2 − Ω2a′i)
2 +Ω2a′iΓ
2
iω
,
Γai = γ
2ω3ai/piρc
5 , Γiω = (ω/ωai)
3Γai (4)
Here τ−1L = c/L is due to the finite size of the sam-
ple L ≈ 1mm. The total density of Tb ions is NTb ≈
1.3 × 1022cm−3, the density of superstoichiometric Tb
ions is Ns ≈ 1.5 × 10
20cm−3, and the Debye fre-
quency/temperature is ωD = 487 K
17. Eq. (4) is similar
to that derived a long time ago in Refs. 28,29. It is worth
noting that the ω4 dependence in the numerator of the
resonant part of τ−1ω originates from the derivative in the
interaction (2). This derivative is enforced by Adler’s
theorem30.
Skew component.– We take the magnetic field directed
along the z-axis. The phonon propagates in the xy-plane
with an initial momentum k = k(1, 0, 0) and final mo-
mentum q = k(cosφ, sinφ, 0), where φ is the scattering
angle. When the magnetic field is small, the states a′ and
b′ are populated and then the diagrams in Fig. 5 give the
following phonon angular distributions for scattering (see
Ref. 31 and supplemental material),
W a
′c
k→q ≈
τ−1a′c,ω
2pi
(
cos2 φ−
ωΓcω
Ω2a′c
cosφ sinφ
)
, (5)
3W b
′c
k→q ≈
τ−1b′c,ω
2pi
(
cos2 φ+
ωΓcω
Ω2b′c
cosφ sin φ
)
. (6)
Note that the second term proportional to sinφ is the
skew component and the sign of the a′c process is oppo-
site to that of the b′c process. This is due to the time-
conjugation of the states |a′〉 = |+M〉 and |b′〉 = |−M〉.
Without the magnetic field, these process cancel each
other out, whereas with a magnetic field the skew com-
ponent becomes finite for two reasons - the energy dif-
ference between Ωa′c and Ωb′c, and the de-population of
the state b′. The a′b′ and b′a′ processes also contribute
to scattering such as Eqs. (20) and (6), respectively. If
the states a′ and b′ are equally populated, the skew com-
ponents in these processes cancel each other out, since
τa′b′,ω = τb′a′,ω and |Ωb′a′ | = |Ωa′b′ |. When the state
b′ is depopulated by increasing the magnetic field, the
cancellation becomes imperfect and the a′b′ process also
contributes to the skew scattering.
Correlation of impurity positions.– The cosφ sinφ term
in Eqs. (20) and (6) change sign at φ→ −φ. This is the
skew asymmetry which is necessary for the PHE. How-
ever, this term also changes sign at φ → pi − φ. Be-
cause of this, the off-diagonal thermal conductivity is
zero, κxy = 0, in spite of the skew since skew scattering
in the forward hemisphere, cosφ > 0, is exactly compen-
sated for by skew scattering in the backward hemisphere,
cosφ < 0. There is no such problem for electron skew
scattering32, but there is a similar problem for the skew
scattering of light. There are two mechanisms which de-
stroy the φ→ pi−φ compensation: (i) Spatial correlation
of impurity positions discussed below; (ii) Interference
between contributions with different values of ∆Jz, this
mechanism is discussed in the supplemental material.
A superstoichiometric Tb3+ ion has ionic radius 0.92A˚
and it replaces a Ga3+ ion with smaller radius 0.62A˚.
Hence the crystal lattice around the Tb ion is elastically
deformed towards larger lattice spacing. During the pro-
cess of crystal growth this creates more room for another
superstoichiometric Tb ion in the vicinity of the first one.
Hence the impurity density ρs(r) must be correlated as
ρs(0)ρs(r) = Nsδ(r) +N
2
s [1 + Ce
−r/l], (7)
where the correlation length is about the average dis-
tance between impurities, l ≈ N
−1/3
s ≈ 2 × 10−7 cm.
Given the significant difference in ionic radii it is natu-
ral to assume about a 50% change in the probability of
having another superstoichiometric Tb ion in the vicin-
ity of the first one. Hence, it is reasonable to expect
that the correlation constant is C ∼ ±1. Due to the
correlation (7), the interference between phonon scatter-
ing amplitudes from adjacent impurities is nonzero and
the scattering probability Eq. (20) is modified by an in-
terference term as: Wk→q → Wk→q(1 + CPφ), where
Pφ = 1/[1 + (2kl sinφ/2)
2]2. Thus, the correlation de-
stroys the φ → pi − φ compensation factor. It is con-
venient to expand Pφ in series of Legendre polynomials
Pφ = a0(ω) + a1(ω)P1(cosφ) + ..., where
a1(ω) =
3
(ω/ω1)2
[
1 +
1
1 + (ω/ω1)2
]
−
6
(ω/ω1)4
ln
[
1 + (ω/ω1)
2
]
, (8)
and ω1 ≡ ~c/2l ≈ 13K. Hence, accounting for the mecha-
nisms (i) (see also supplemental material), the scattering
rate given by Eqs. (20) and (6) is transformed to
Wk→q ≈
τ−1ω
4pi
{1−KωωΓcωnB · [nk × nq]} , (9)
Kω =
C
5
a1(ω)τω
(
τ−1a′c,ω
Ω2a′c
− nT
τ−1b′c,ω
Ω2b′c
+ n¯T
τ−1a′b′,ω
Ω2a′b′
)
,
nT ≡ exp[−Ωa′b′/T ] ≡ 1− n¯T ,
where nB,nk,nq are unit vectors along the direction of
the magnetic field and the phonon momenta respectively,
and nT and n¯T are the thermal populations.
Phonon Hall effect. – The Boltzmann equation for the
phonon distribution function, fk = f
(0)
k + g
(S)
k + g
(A)
k ,
reads33,
c2k ·
(
∇T
T
)(
−
∂f
(0)
k
∂ωk
)
≈
∑
q
(Wq→kfq −Wk→qfk).
(10)
Here f
(0)
k is the equilibrium Bose-Einstein distribution.
Since the scattering rate (21) contains both the sym-
metric part, W
(S)
q→k = W
(S)
k→q and the asymmetric part,
W
(A)
q→k = −W
(A)
k→q , we need to account for the two non-
equilibrium components, g
(S)
k and g
(A)
k ,
g
(S)
k ∝ (k ·∇T ) , g
(A)
k ∝ (k · [nB ×∇T ]). (11)
Assuming that the asymmetry parameter in Eq. (21) is
small, KωωΓcω ≪ 1, solution of the Boltzmann equa-
tion is straightforward and results in the following non-
equilibrium part of the distribution function,
g
(S)
k + g
(A)
k = −
eωk/T
(eωk/T − 1)2
c2
T 2
τω (12)
×
{
(k ·∇T )−
1
3
KωωΓω(k · [nB ×∇T ])
}
.
Hence, we calculate the diagonal- and the off-diagonal
thermal conductivities as,
κxx =
T 3
2pi2c
∫
τω
x4exdx
(ex − 1)2
, (13)
κxy =
T 3
2pi2c
∫
τω
Kω
3
ωΓω
x4exdx
(ex − 1)2
, (14)
where x ≡ ω/T . The diagonal thermal conductivity in
Eq. (13) is of the standard form34, which is used to fit
4FIG. 3: Magnetic field dependence of the transverse compo-
nent of thermal conductivity κxy [10
−3W/cm/K]. Inset is the
magnetic field dependence of κxy [10
−5W/cm/K] at T = 5 K.
Here, g = 1 and ωab = 0 and the state d is ignored.
the data in Ref. 17. The transverse thermal conductivity
κxy given by Eq. (14) is shown in Fig. 3 as a function of
T with B=1,2,3 T. We can see that κxy is enhanced by
T and B (See also the inset in Fig. 3). Note that this
results is justified for T < Ωa′c ∼20 K, since the state c
is assumed to be un-populated. The inset in Fig. 3 is the
B-dependence of κxy, which increases and finally starts
to decrease around B ∼2.5 T.
Our estimate of the phonon Hall angle, S, immediately
follows from Eqs. (13) and (14) and, for magnetic field
larger than 1-2T, is,
S ≡
1
B
κxy
κxx
(15)
Assuming that at temperature T = 5K the frequency
is ω = T = 5K, Eq. (15) results in the following esti-
mate: S(T = 5K) ∼ 5 · 10−4rad/T. An accurate eval-
uation of the integrals in Eq.(13) confirms that the pri-
mary contribution to κxx comes from ω ≈ T = 5K. On
the other hand the dominant contribution to κxy comes
from ω ∼ 30K - the phonon Hall effect is due to rela-
tively “hot” phonons. Accounting for the hot phonon
effect enhances our theoretical estimate: S(T = 5K) ∼
10−3rad/T. Our estimate is reasonably consistent with
measurements, S(T = 5.45K) ≈ 1 · 10−4rad/T1 and
S(T = 5.13K) ≈ 0.35 · 10−4rad/T2. The presented the-
oretical estimates of κxy correspond to C ∼ 1. Impor-
tant is that C-dependence of the Hall angle may explain
the significant difference between the two measurements,
i.e., two different crystals were used in the two measure-
ments1,2 (see also supplemental material).
Conclusion.– We have shown that the puzzling phonon
Hall effect observed in Tb3Gd5O12, is due to the resonant
skew scattering of phonons from the crystal field levels of
superstoichiometric Tb3+ ions. The obtained magnitude
of the effect is in agreement with experiments performed
at T = 5 K. We predict that the magnitude of the effect
grows very significantly with temperature in the inter-
val 3 K < T < 15 K. Compared to the performed mea-
surements we expect the effect to be about an order of
magnitude larger at T = 10 − 15 K. A mechanism sim-
ilar to that considered here for the phonon Hall effect
is also valid for the Hall effect of light35: skew scatter-
ing of light from atomic/molecular transitions. For light
the quadrupole crystal field interaction Eq. (2) should be
replaced by the electric dipole interaction.
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SUPPLEMENTAL MATERIALS
I. RESONANT SCATTERING IN THERMAL
CONDUCTIVITY
The thermal conductivity κxx of Tb3Gd5O12 (TGG)
has been studied by Inyushkin and Taldenkov who mea-
sured and analysed the conductivity17. They fit the tem-
perature dependence of κxx by supposing four processes;
boundary, point defect, umklapp, and resonant scatter-
ings. It is concluded that at helium temperatures for
which the phonon Hall effect was detected, κxx is almost
completely determined by resonance scattering from im-
purity ions and scattering from boundaries (size of the
sample)17. Following their results, we read the experi-
mental data of Fig. 2 in Ref. 17 and plotted in Fig. 4 by
circles (red). To obtain the minimal level scheme at T <
15 K (See Fig. 1 in the main text), we use the following
equations, which are equivalent to Eqs. (4) and (13) in
the main text,
κxx =
T 3
2pi2c
∫ ωD/T
0
τω
x4exdx
(ex − 1)2
, (16)
τ−1ω = τ
−1
L +
∑
i=,b,c,d
τ−1ai,ω , (17)
τ−1ai,ω =
Ns
NTb
ω3Dω
4
80pi
(Ωai/ωai)
2Γ2ai/ω
4
ai
(ω2 − Ω2ai)
2 +Ω2aiΓ
2
iω
, (18)
Γai =
γ2i ω
3
ai
piρc5
=
γ2i ω
3
ai
piω3D(ρc
2/40pi2NNb)
Γiω =
(
ω
ωaj
)3
Γaij ,
5FIG. 4: The thermal conductivity due to the resonant scatter-
ing. The circles (red) are obtained by the experimental data
(See Fig. 2 in Ref. 17) and the solid line (blue) is our fitting
result by the minimal model (See Fig. 1 left in the main text).
where x ≡ ω/T , c = 3.72 × 105 cm/s, and the mass
density ρ = 7.2 g/cm317. Here τ−1L = c/L is due to the
finite size of the sample L ≈ 1mm (boundary scattering).
The total density of Tb ions is NTb ≈ 1.3 × 10
22cm−3,
the density of superstoichiometric Tb ions is Ns ≈ 1.5×
1020cm−3, and the Debye temperature is ωD = 487 K
17.
Note that in the considered temperature range the upper
limit of integration in Eq. (16) is ωD/T > 30, so we can
safely set it equal to ∞. We found that to fit κxx in the
temperature range T < 15K one needs minimum four
levels. Three lowest levels are determined from the fit
quite accurately, ωab = 3 K, ωac = 20 K, ωbc = 17 K. The
topmost level, which describes a cumulative effect of all
higher states, is somewhat ambiguous, we take ωad = 70
K, and ωbd = 67 K. The fit with γab = 1.5 eV, γac =
γbc = 0.6 eV, γad = γbd = 0.8 eV is shown in Fig.4 by
blue solid line. The contribution of the topmost d-level
is relatively small, but still it is important for the fit.
This contribution scales as ∝ γ2ad/ω
2
ad, therefore one can
always increase γad and ωad proportionally. Note that
since we do not account for thermal population of the
c-level, our fit starts to deviate from experimental data
at T > 15K.
II. MAGNETIC FIELD DEPENDENCE OF
THERMAL CONDUCTIVITY
It is known that the ground state energy doublet is very
sensitive to magnetic field B as shown in the right part of
Fig. 1 in the main text, ωab → Ωa′b′ =
√
ω2ab + (2gB)
2.
The κxx in a magnetic field calculated at T = 5 K with
values of parameters presented above is shown in Fig. 5.
For simplicity we assume that |c〉 and |d〉 are not sensitive
to the magnetic field. The suppression of κxx by a mag-
netic field is reported in Ref. 17, and our result is close to
the data obtained by the magnetic field in the [111] di-
FIG. 5: Magnetic field dependence of κxx(B) normalized by
its magnitude without magnetic field κxx(B = 0) .
rection. We find that the split of the quasi-doublet state
is the main source of such a suppression. However, to fit
the angle dependence of κxx from Ref. 17, one needs to
account different crystallographic positions of superstoi-
chiometric Tb ions with different orientations of crystal
fields. In addition, a kind of magnetostriction would be
involved in such a magnetic field dependence of κxx. In
the present work we disregard these fine details.
III. SKEW SCATTERING PROBABILITY
We already pointed out, Ref. [27] in the main text,
that | ±M〉 states are composed of states with definite
z-projection of the ion angular momentum J such as,
|+M〉 = ...|+ 2〉+ α+|+ 1〉+ α0|0〉+ α−| − 1〉+ ...
| −M〉 = ...| − 2〉 − α+| − 1〉+ α0|0〉 − α−|+ 1〉+ ...
(19)
The structure of c- and d-states is similar. Matrix ele-
ments of the interaction Hamiltonian (2) come from tran-
sitions with ∆Jz = ±1 and with ∆Jz = ±2. It is easy to
check that in the scattering amplitude Fig. 2 the contri-
butions with ∆Jz = ±1 result in cosφ or sinφ and the
contributions with ∆Jz = ±2 result in cos 2φ or sin 2φ.
Therefore, the scattering probability reads
W a
′c
k→q ∝
{
A1
[
cosφ−
ωΓcω
2Ω2a′c
sinφ
]
+ A2
[
cos 2φ−
ωΓcω
2Ω2a′c
sin 2φ
]}2
, (20)
In Eqs. (5) and (6) in the main text for simplicity we
set A2 = 0. Generally, while one expects some suppres-
sion of the second harmonic, A2/A1 < 1, the harmonic is
of course nonzero. A particular value of A2/A1 depends
on the coefficients in the wave functions (19). Both the
A21-term and the A
2
2-term in (20) have the φ→ pi−φ com-
pensation problem. These terms, as it is described in the
6main text, contribute to PHE only due to correlation of
positions of impurities. This contribution is proportional
to the correlation coefficient C in Eq.(9). We think that
this is the leading term dominating the skew scattering
and can explain the sample dependence of PHE. How-
ever, there is also the A1A2 interference term in (20).
The interference term results in the forward-backward
scattering asymmetry and hence the terms does not have
the φ→ pi − φ compensation problem. This interference
contribution in Eq.(9) is not proportional to the impu-
rity correlation coefficient C. Hence, the skew scattering
is always there, even if the impurity correlation C was
ignored. The term proportional to A2/A1 > 0 implies
that the forward phonon scattering dominates over the
backward one, which is intuitively natural. In this study,
we consider that the contribution of A2/A1-term will be
smaller than that of C-term to the PHE. Detail analysis
on the electronic states of TGG will judge this point in
the future.
IV. DERIVATION OF EQ. (9) IN THE MAIN
TEXT
In the main text we point out that there are two mech-
anisms which destroy φ→ pi − φ compensation: (i) Spa-
tial correlation of impurity positions; (ii) Interference be-
tween contributions with different values of ∆Jz . Here
we show how the mechanism (i) works. Eq. (20) results
in the following skew terms
W
(1)
k→q ∝ (nk · nq)(nB · [nk × nq]) (21)
W
(2)
k→q ∝
A2
A1
(nB · [nk × nq]) . (22)
Here we neglect small A22 terms and A2/A1 term is dis-
cussed above. The multiplier (nk · nq) in W
(1) leads to
the φ → pi − φ compensation in κxy. It is discussed in
the main text that the spatial correlation of impurities
transforms W (1) due to Pφ such as,
W
(1)
k→q → PφW
(1)
k→q → Ca1(ω)(nk · nq)
2(nB · [nk × nq]) .
(23)
This expression does not contain the φ→ pi−φ compen-
sation. Now we want to reduce (23) to the standard skew
correlation (nB · [nk × nq]) used in Eq.(9) in the main
text. A naive way is just to replace (nk · nq)
2 → 1/2.
However, this is an obvious overestimation, the correla-
tion (nB · [nk × nq]) = sinφ is maximum at φ = pi/2
where (nk ·nq)
2 = (cosφ)2 is zero. The correct way is to
substitute (23) in Eq.(10), solve the kinetic equation with
respect to g
(A)
k defined in Eq.(11), and finally map the so-
lution back to the simple skew correlation (nB ·[nk×nq]).
It is noted that most of term in Eq.(11) substituted
by (23) and g
(A)
k disappears due to the symmetry, e.g.,∫
dΩqg
(A)
q = 0 and so on. The solution of kinetic equation
contains averaging of the fourth rank tensor 〈nαnβnγnδ〉,
which gives the factor 1/5 (see also Eq. (26)). All in all,
this procedure leads to the term C5 a1(ω) in the square
brackets in the second line of Eq. (9).
V. DERIVATION OF EQ. (12) IN THE MAIN
TEXT
Quantities which enter in the r.h.s of Eq. (10) in the
main text are of the following form
Wk→q =
τ−1ω
4pi
{1− a · nB · [nk × nq]} , (24)
fk = f
(0)
k +A
Snk · ∇T +A
Ank · [nB ×∇T ],
where the coefficient a defined in Eq. (9) is small, a≪ 1.
Using Eqs. (24) we find the r.h.s of Eq. (10) in the main
text,∑
q
(Wq→kfq −Wk→qfk) (25)
= −
τ−1ω
4pi
∑
q
{
ASnk · ∇T +A
Ank · [nB ×∇T ]
+a ·AS(nB · [nq × nk])(nq · ∇T )
}
= −τ−1ω
{
ASnk · ∇T + (A
A +
a
3
AS)nk · [nB ×∇T ]
}
,
When calculating (25) we neglect terms ∝ a2 and keep
in mind that ∫
dΩq1 = 4pi∫
dΩqnqµnqν =
4pi
3
δµν , (26)
where µ and ν are Cartesian indexes and Ωq is solid angle.
Comparing (25) with l.h.s of Eq. (10) we find the text-
book expression for AS and, we also find the condition
AA = −(a/3)AS. Hence we come to Eq. (12)
g
(S)
k + g
(A)
k = A
S
(
nk · ∇T −
a
3
nk · [nB ×∇T ]
)
AS = −
eωk/T
(eωk/T − 1)2
c2
T 2
τωk .
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